Abstract. Let G be a compact p-adic analytic group and let I be a right ideal of the Iwasawa algebra kG. A closed subgroup H of G is said to control I if I can be generated as a right ideal by a subset of kH. We prove that the intersection of any collection of such subgroups again controls I. This has an application to the study of two-sided ideals in nilpotent Iwasawa algebras.
1. Introduction 1.1. Controlling subgroups. Let G be a group and let k be a field. A subgroup H of G is said to control a right ideal I of the group algebra k[G] if I can be generated as a right ideal by a subset of the subalgebra k[H] of k[G], or equivalently,
. It is clear that if I is controlled by a proper subgroup H then I is completely determined by a right ideal in a smaller group algebra, namely I ∩ k [H] . In the study of two-sided ideals in group rings, theorems that assert that under suitable conditions a two-sided ideal is controlled by a known small subgroup of the group are particularly desirable: a canonical example of such a result is Zalesskii's Theorem [11] , which asserts that every faithful prime ideal of the group algebra of a finitely generated torsion-free nilpotent group is controlled by the centre of the group.
Let I be a right ideal of k [G] and suppose that I is controlled by H; it can happen that I ∩k[H] is controlled by an even smaller subgroup L of G, and then obviously I will also be controlled by L. Somewhat less obviously, Passman showed that if two different subgroups control I then so does their intersection. A simple argument [9, Lemma 8.1.1] based on an induction on the size of support of an element in the group ring then shows that for any right ideal I of k [G] there is always a unique smallest subgroup of G that controls I; it is called the controller subgroup I χ of I and can be defined simply as the intersection of all possible controlling subgroups. Using this notion, Roseblade [10] essentially classified the prime ideals of k[G] when the group G in question is polycyclic-by-finite.
1.2.
Completed group rings. Let G be a profinite group, let k be a field and let k[ [G] ] be the completed group algebra of G with coefficients in k, defined as the inverse limit of the ordinary group rings k[F ] as F runs over all continuous finite homomorphic images of G. [6] that kG is complete with respect to a filtration whose associated graded ring is Noetherian; standard arguments from [7] then show that every right ideal in kG is finitely generated and closed. The main result of this paper is a positive answer to Question 1.2 for Iwasawa algebras.
Theorem A. Let G be a compact p-adic analytic group, let I be a right ideal of kG and let H be a closed subgroup of G. Then I = (I ∩ kH)kG if and only if H ⊇ I χ .
In particular, I = (I ∩ kI χ )kG.
The analogous result for left ideals also holds and can in fact be deduced from Theorem A. The proof of the less straightforward "if" direction consists of two main steps. First we show that after passing to a suitable open subgroup of G containing H, we may assume that the homogeneous space G/H is "uniform" in the sense that for some open normal uniform subgroup U of G, G/H is isomorphic as a U -space to U/V for some closed isolated subgroup V = H ∩ U of U . We then show that the factor module kG/(I ∩ kH)kG is isomorphic as a filtered k-module to the set of power series (kH/(I ∩ kH))[[x 1 , · · · x e ]] and run an induction argument which in our setting serves as a kind of substitute to Passman's induction argument appearing in the proof of [9, Lemma 8.1.1].
1.4. An application to two-sided ideals. Our motivation for proving Theorem A comes from our research into the structure of two-sided ideals in non-commutative Iwasawa algebras. The basic idea (see [3] , [2] and [1] ) is to use the adjoint action of G together with the right regular action of kG on itself to prove that under certain hypotheses a two-sided ideal of kG must be controlled by a proper open subgroup of G. In a forthcoming publication [4] , we will sharpen this technique and use Theorem A to prove an exact analogue of Zalesskii's Theorem mentioned in §1.1 above for Iwasawa algebras: if k is a field of characteristic p and G is a nilpotent uniform pro-p group then every faithful prime ideal of kG is controlled by the centre of G. Recall that a prime ideal P of kG is said to be faithful if G embeds faithfully into the group of units of kG/P . 1.5. Acknowledgements. This work was supported by an Early Career Fellowship from the Leverhulme Trust. The author is very grateful to the Trust for providing him the opportunity to focus on his research without too many distractions. The author would also like to thank the organizers of the "New Trends in Noncommutative Algebra" conference for the invitation to speak and for providing excellent working conditions during which a large part of this paper was written. Finally, thanks are due to the referee for making a number of useful suggestions.
2.
The controller subgroup for profinite groups 2.1. Locally constant functions. Let G be a profinite group and let k be a commutative ring. Recall that a function f : G → k is locally constant if for all g ∈ G there is an open neighbourhood U of g such that f is constant on U .
denote the set of all locally constant functions from G to k. C ∞ becomes a unital commutative k-algebra when equipped with pointwise multiplication of functions. Moreover it is a Hopf algebra over k, with comultiplication ∆, antipode S and counit given by the formulas
for all f ∈ C ∞ and all g, h ∈ G.
2.2.
Open subgroups. The group G acts by left and right translations on C ∞ as follows:
functions from the (finite) set of left cosets G/U to k, and define
. This is clearly an injection, whose image is the set of left U -invariants in C ∞ :
Similarly, k U \G can be identified with C ∞ U .
Lemma.
Proof. By symmetry, it is enough to prove the first equality. 
Proof. Let δ U g be the characteristic function of the clopen subset U g of G. Clearly {δ U g : g ∈ G} forms a basis for
Module algebras.
Recall [8] that if H is a Hopf algebra over k, then a kalgebra A is a left H-module algebra if there exists an action
for all h, k ∈ H and a, b ∈ A. Here we use the sumless Sweedler notation. There is a similar notion of right H-module algebra, and the two notions coincide in the case when H is commutative.
G-graded algebras.
Recall that if G is a finite group, then the k-algebra A is a G-graded algebra if there exists a k-module decomposition A = g∈G A g of A such that A g · A h ⊆ A gh for all g, h ∈ G, and 1 ∈ A 1 . It is known [8, Example 4.1.7] that A is G-graded if and only if it is a k G -module algebra.
Definition. Let G be a profinite group and let A be a k-algebra. We say that A is G-graded if for each clopen subset U of G there exists a k-submodule A U of A such that
Note that conditions (iii) and (iv) imply that A U is a k-subalgebra of A, for any open subgroup U of G.
function, and define
Choose an open normal subgroup W of A such that U and V are unions of cosets of 
Define the action of f on A by the formula
This makes sense because f is constant on the cosets of W in G; note also that this definition does not depend on the choice of W . Thus the action of each δ x ∈ W C ∞ is the projection of A onto the A x -component. Since A is G-graded, it is easily checked that this turns A into a C ∞ -module algebra.
Controlling open subgroups.
Definition. Let A be a C ∞ -module algebra, let I be a right ideal of A, and let
We say that U controls I if I is a C ∞ U -submodule of A:
Let C(I) denote the set of open subgroups of G that control I.
Lemma. This is always a closed subgroup of G.
Proposition. Every open subgroup containing I χ controls I:
Proof. The inclusion ⊆ is obvious, so suppose that
Since U is open, G − U is closed and hence compact. Each G − V is open since each V is closed, so we can find a finite set V 1 , . . . , V n ∈ C(I) such that
Alternatively put, ∩ n i=1 V i U . Hence U controls I by Lemma 2.6.
2.8. Strongly G-graded algebras.
Definition. Let G be a profinite group and let A be a G-graded algebra. We say that G is strongly G-graded if
This is again an obvious generalisation of the well-known notion in the case when G is finite. The following result explains our terminology.
Proposition. Let A be a strongly G-graded algebra, let I be a right ideal of A and let U be an open subgroup of G. Then I is controlled by U if and only if
and A is strongly G-graded, so we can find a finite set of elements a i ∈ A g −1 U and
As I is controlled by U by assumption,
by Lemma 2.6(a), and therefore
But A U · A U g ⊆ A U g and I is a right ideal, so (I ∩ A U ) · A U g ⊆ I ∩ A U g for all g ∈ G, and therefore
The reverse inclusion is clear, so I is controlled by U -again by Lemma 2.6(a). 
Lemma. k[[G]
] is a strongly G-graded k-algebra. 
Clearly this is independent of the choice of subgroup W , or coset representatives g i . It is now straightforward to verify that all the axioms of Definition 2.5 are satisfied, so A becomes a G-graded algebra. The fact that
We remark that when G is a uniform pro-p group and k is a field of characteristic p, one can show that each microlocalisation of the Iwasawa algebra k[[G]] inherits the structure of a strongly G-graded k-algebra from k[[G]]. These microlocalisations therefore provide further non-trivial examples of strongly G-graded k-algebras, but we will not discuss them further in this paper.
Compact p-adic analytic groups
3.1. Some group theory. We refer the reader to [5, Chapter 4] for the definitions and elementary properties of uniform pro-p groups. Let U be a uniform pro-p group and let H be a closed subgroup. Let U i = U p i−1 be the lower p-series of U . Define, for each i 1,
So (gh)
, and
. By [5, Theorem 3.6(iii)], we can write
But (U, U i+1 ) ⊆ U i+2 by definition of the lower p-series, so g p i ∈ HU i+2 and hence g ∈ H(i + 1).
Since U/U 2 is a finite group, the ascending chain of subgroups
for some integer 1.
3.2. Proposition. Let H be a closed subgroup of a uniform pro-p group U . Then there exists an integer 1, depending only on H, such that H ∩ U t is an isolated uniform subgroup of U t for all t .
Proof. Choose as in §3.1. We first show that H ∩ U t is isolated in U t whenever t . Suppose for a contradiction that g ∈ U t \H is such that
Since H is a closed subgroup, and the U i form a fundamental system of neighbourhoods of the identity in U ,
As g ∈ U t \H, we can find an integer m t such that g ∈ HU m \HU m+1 . Write g = hz for some h ∈ H and z ∈ U m , and work modulo U m+2 . By [5, Theorem 3.6] , the commutator (h, z) lies in U m+1 , and the image of U m+1 is central in U/U m+2 and is an elementary abelian p-group. By the Hall-Petrescu formula [5, Appendix A],
∈ U m+2 regardless of whether p is odd or even. Hence
but h ∈ H and g p ∈ H by assumption so z p ∈ HU m+2 .
Since z ∈ U m , we may write z = u Hence V t = H ∩ U t is an isolated subgroup of the uniform pro-p group U t . But now
and therefore V t is a powerful pro-p group. Since V t is torsion-free, being a subgroup of the torsion-free group U t , V t must also be uniform, by [5, Theorem 4.5].
3.3. Extra-powerful groups. Recall that a uniform group U is said to be extra-
it is still open and normal in G, but also extra-powerful.
3.4. Notation. Let H be a closed subgroup of a compact p-adic analytic group G. Using Corollary 3.3, we fix an open normal uniform extra-powerful subgroup U of G such that V := H ∩ U is an isolated uniform subgroup of U . Pick a finite set of coset representatives C for V in H; then H = CV and HU = CU. Let R be a complete discrete valuation ring of characteristic 0 with uniformiser p and residue field k of characteristic p, and let k be any quotient of R. The ring k carries a canonical filtration v induced by the normalised discrete valuation on R.
Let b i = g i − 1 ∈ kU and write
We will also write
for all γ ∈ N e , and
Finally, define
A ∞ := kH, and A n := kHU n for each n 1 , where U n = U 
Since HU = CU by construction and since C is finite, we can also write
where kC denotes the free k-module generated by the set C. Then m = Cw U where w U is the unique maximal ideal of kU and
Let deg : A 1 → R∪{∞} be the degree function associated with the m-adic filtration on A 1 ; by definition, deg(x) = n if x ∈ m n \m n+1 for some n, and deg(x) = ∞ otherwise. It follows from the above expression for m n that
Note that since U is extra-powerful by assumption, the associated graded ring gr kU of kU with respect to this filtration is commutative. We should also point out that because the function α → v(λ α )+|α| takes values in N∪{∞}, the infimum is always attained at some α ∈ N d ; the same goes for other similar formulas appearing below.
Lemma. (a) Every element of A 1 can be written uniquely as a non-commutative formal power series in c 1 , . . . , c e with coefficients in A ∞ :
Proof. (a) By an analysis similar to that applied to A 1 above, now applied to A ∞ ,
For any α ∈ N d , let β ∈ N d−e and γ ∈ N e denote its first d − e and last e components, respectively. Abusing notation slightly, we may write α = (β, γ),
We can now compute deg(r):
Part (b) follows. Let x 1 , . . . , x e be formal variables, and let 
Then ψ is an isomorphism of filtered k-modules, if A 1 /JA 1 is given the quotient filtration.
Proof. Since A ∞ is Noetherian, we can find a finite generating set {z 1 , . . . , z t } for J. In view of Lemma 3.5, we see that JA 1 is exactly the set of formal power series in c 1 , . . . , c e with coefficients in J:
(1)
It follows that ψ is a well-defined bijection, and it remains to show that deg ψ To show the reverse inequality, for each α ∈ N e let the supremum in the definition of deg(r α +J) be attained at some y α ∈ J -this is possible even if deg(r α +J) = ∞ because then r α ∈ J (since the quotient filtration on A 1 /J is separated) and we can take y α = −r α . Then Because ψ is an isomorphism of filtered k-modules, it is actually an isomorphism of filtered A 1 -modules. But this is clearly just ψ(M n ).
Now I 1 /JA 1 is a closed submodule of A 1 /JA 1 and ψ is a homeomorphism, so W is a closed submodule of M 1 and therefore w = lim n→∞ w n ∈ W . This shows that W ∩ M ∞ = 0, which is absurd because
by the modular law and the fact that I 1 ∩ A ∞ = J.
